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13.3.5

Proof. Assume u(x,t) = X(x)T(¢), then the equation becomes kX" T — hXT = XT', kX"'T = X(hT + T’),

X" hT+T
X kT

This constant depends on neither x nor ¢, so we can assume it is equal to —A a constant. Then X" + AX = 0,
T’ + hT = —AkT, T’ = —(h + Ak)T. The boundary conditions are %(O, H =0, %(L, ) = 0 because it says

the ends are insulated. This means X’(0) = X’(L) = 0. Therefore the Sturm-Liouville problem is
X' +2X=0,X0)=X"(L)=0

(1) If 2 > 0, the general solution to the ODE is X(x) = C; cos VAx+C; sin Vax, X' (x) = —=C; VA sin VAx+
C> VA cos VAx. Then look at the boundary conditions, X’(0) = 0 implies C; = 0, and X’(L) = 0 means
Ci Vasin VAL = 0, therefore VAL = nm are the eigenvalues, and the eigenfunctions are 1 = nr?

2
n=1,2--.

(2) If 2 = 0, the general solution to the ODE is X(x) = C; + Cox, X’(x) = C», then look at the boundary
conditions, X’(0) = X’(L) = C,s0 C, = 0, A = 0 is an eigenvalue, and the eigenfunction is X(x) = C.

(3) If A < 0, the general solution to the ODE is X(x) = Cjcosh V=1Ax + C,sinh V=-2Ax, X'(x) =
C1 V=2Acosh V=2Ax + C, V=1Asinh V-21x, then look at the boundar conditions X’(0) = C; = 0, and X’(L) =
C, vV=Asinh V=AL = 0, but sinh V=1L = 0 if and only if V=AL = 0, but that is impossible. V=1 + 0, too,
so C, = 0. Thus we only have trivial solution, too. So there is no negative eigenvalues.

I’l271'2
TER

n=0,1,2,---, eigenfunctions are cos “Zx, note that since cos 0 =

Therefore the eigenvalues are A = 7

1 so we can combine the eigenfunctions in (1) and (2). Correspondingly, 7/ = —(h + k)T implies T? =
n2

”2
—(h + Ak), therefore InT = —(h + k)t + C, T = Ce ! Plug in A = "z’{z, one gets T = Ce b1

Therefore the solution has the form

nznz

= _ nm
Co + Z Cpe TR0 g fx

n=1
1
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Restrict to ¢ = 0, by the initial condition one gets f(x) = Cp + Z C, cos ‘7 x, so by the formula of Fourier
i=

cosine series, Cp = 2 7 fo fdx, C, = £ fo f(x) cos F xdx, thus the solution is:

u(x,t) = f f(o)dx + Z( f f(x)cos —xdx)e (h+ k)t 0s fﬂx

13.2.8

Proof. The ends are secured means u(() 1) = u(L,t) = 0, initially the string is undisplaced means u(x, 0) = 0
with an initial velocity sin 7 means az ; (x,0) = sin 7. So the BVP is:
Pu 0%
—_—=q —
or? 0x2
u(0,1) = u(L,t) =0 (BC)

ou . OTX
u(x,0) =0, E(x, 0) = sin T (I0)

15.4.3
Proof. 1t is a Dirichlet boundary condition, so use Fourier sine transform to & 5= k@’ we get
0F
T _ ) + kel
ot
We reduce the PDE to an ODE as
0
% + ka*Fyfu) = upa

Although nonhomogeneous, it is a first order linear ODE, and you can solve it by integral factor, which is

2 2. . . .
el katdt — ket i thig example, then the equation changes into

d
E(ek"‘z’ﬁ{u}) = uokare*”!
Integrate both sides to get
k
I () = f uokare'd = = f & 4 Ca) = 2k 4 Cla)
ka o'

Folu} = % + C(a)(e ™y
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To determine the C(a), we use the initial condition u(x,0) = 0, so it is Fourier transform is also zero,

therefore when we let t = 0, F,{u}|;=¢ should be zero. This forces C(a) = —’f—f. So

Uo

2
Folup = (1= ™)
Then get back to the inverse Fourier sine transform we get

2 (™ 2 (™ i
u(x, 1) = —f @[1 - e_k"z’] sinaxda = — f M[l - e_kazt]da/
T Jo (07 T Jo a

15.4.6

u

Proof. It is a Neumann boundary condition, so use Fourier cosine transform to g—‘; = k%3,

we get

OFcluy 5 _0u
5 = kerFelul —korli=o

We reduce to the ODE
OF Au}

ot
[ka?dr _ k

+ k@’ Fo{u) = kA

Solve it by integral factor, which is e @1 in this example, then the equation changes into

d
E(eka/th-c{M}) — kAekazt

Integrate both sides to get
A
ekaztﬁ{u} = kaekaztdt = —Zeko‘zt + C(a)
04

A
Felt) = = + Cla)(e™ ™)
a
By the same reason as above C(a) = 0 because of the initial condition. So

Folu) = S5[1 - et
04

Then get back to the inverse Fourier cosine transform we get

2 T A 2 [TA
u(x,t) = — 211 - e cos axda = = feosar ax[l — e N dq
nJo a? n Jo a?

Fall 11, #6

Proof. The eigenvalues are n?, and the solution has the form

o0
R
u(x,t) = ZCne "!sin nx
n=1
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By initial condition ), C,sinnx = sin3x, so C3 = 1 and all others are zero. So u(x,f) = e % sin3x. Then
n=1

pluginx=%,7= %yougete‘%. ]
Fall 10, #7

Proof. Let x = L, sin“fx = sinnt = 0, so u(L,t) = 0. u(0,#) = 0O for similar reason. Therefore (b) is

correct. O
Spring 11, #7

Proof. By separation of variables, XY' = —3Y7’ =1 50X = ¥, Y = ¢33, The solution has the form

Cetx=30, u(0,1) = e implies Ce 3 = ¢, u(1,0) = 2 implies Ce' = €2, 50 by quotient e M =¢l 2=

1
4’
and plug back to get C = ei. So u(l,1) = eiei ™3 = el O



